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9 Abstract
10 In dilute solutions, diffusion is dominated by motion of single molecules. Conversely, in non-
11 ideal concentrated solutions, mass transfer by diffusion can be heavily influenced by 
12 molecular clustering.  Cluster theory in concentrated solutions can be approached using the 
13 Cussler model, which has been used to explain experimental mutual diffusion data in highly 
14 concentrated solutions. In this work, using the Cussler model and the critical point theory as a 
15 starting point, a new model for predictions of mutual diffusion coefficients in binary mixtures 
16 over the whole composition range was developed. The model is based on modifications of the 
17 concentration correlation function and explains well the experimental mutual diffusion data 
18 and their dependence on composition and activity coefficients. The model does not require 
19 any knowledge of intra-diffusion coefficients and can be used to predict mutual diffusion 
20 coefficients over the whole composition range. 
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21 1. Introduction
2 Molecular diffusion in a single phase, or between two different phases, is a physical 
3 phenomenon central to many important fields such as petroleum engineering, biotechnology, 
4 catalysis and soil science [1]. For a proper design of many industrial unit operations and 
5 modelling purposes, an accurate prediction and rationalization of mutual diffusion is often 
6 needed [2]. Several methods can be used to measure mutual diffusion. D'Errico et al.  [3] 
7 used the Taylor dispersion method to measure mutual diffusion coefficients of glycerol/water 
8 at 25 °C. Other methods such as holographic interferometry, light scattering and diaphragm 
9 cell methods have been used for prediction of mutual diffusion coefficients [4-6]. These 
10 methods are often complex to set-up, lengthy and in many cases suffer from accuracy and 
11 reproducibility issues. Models able to predict mutual diffusion coefficients can therefore offer 
12 a valid alternative.
13 Darken used the following expression for the prediction of mutual diffusion coefficients [7]:
𝐷12 = (𝑥2𝐷 ∗1 + 𝑥1𝐷 ∗2 )[1 + 𝑑𝑙𝑛𝛾1𝑑𝑙𝑛𝑥1] (1)
14 In the model mentioned above,  and  are the intra-diffusion coefficient; and x are the 𝐷 ∗1 𝐷 ∗2 𝛾 
15 activity coefficient and mole fraction, respectively. The term in the bracket is denoted as the 
16 thermodynamic correction factor. For ideal or near-ideal liquid systems, Darken's predictions 
17 are in good agreement with experimental data; however, for non-ideal liquid systems, the 
18 accuracy of the model becomes poor [8]. Different researchers have tried to modify the 
19 Darken equation to improve predictions [9-11]. 
20 D'Agostino et al. [2] modified the Darken equation and developed a model to predict 
21 diffusion coefficients in binary liquid systems using intra-diffusion coefficients at infinite 
22 dilution and viscosity data. In addition, D'Agostino and co-workers were also able to predict 
31 mutual diffusion coefficients in a non-ideal mixtures of hexane-nitrobenzene near the critical 
2 point, using NMR diffusion data [12]. Their results showed improved prediction ability 
3 relative to previous models and were in good agreement with the measured values of mutual 
4 diffusion coefficients. Their method needs the knowledge of intra-diffusion experimental 
5 data, either from NMR or radioactive tracer techniques, which are not always available. Other 
6 approaches for prediction of mutual diffusion coefficients are reported in the literatures [13, 
7 14].
8 One important aspect to consider is that of how diffusion in highly-concentrated liquid 
9 systems can be physically explained and rationalized. In 1980, Cussler introduced the concept 
10 of cluster diffusion, which may occur in concentrated, non-ideal liquid solutions, where the 
11 movement of clusters or group of molecules, rather than single molecular species, dominates 
12 the diffusion process. In cluster diffusion, the local concentration as well as the local fluid 
13 velocity may undergo significant fluctuations [15]. Some researchers have predicted mutual 
14 diffusion coefficients using a scaling power for the thermodynamic correction factor, which 
15 accounts for these local concentration fluctuations, and developed models for non-ideal liquid 
16 systems [16-18]. For example, Moggridge [19] used the following equation for prediction of 
17 mutual diffusion in binary liquid mixtures containing one dimension species:
𝐷12 = (2𝑥2𝐷 ∗1 + 𝑥1𝐷 ∗2 )[1 + 𝑑𝑙𝑛𝛾1𝑑𝑙𝑛𝑥1]𝛼 (2)
18 where,  is a scaling power with a value of approximately 0.64 [20]. 𝛼
19 In this work, a model to analyze and predict mutual diffusion coefficients over the whole 
20 range of composition was developed, which is based on the modification of the concentration 
21 correlation function of cluster theory. The model explains well the experimental mutual 
22 diffusion data and their dependence on composition and activity coefficients. Accordingly, an 
23 optimization procedure was performed to determine the parameters of the developed model. The 
41 absolute relative error (ARD) was minimized in order to obtain the best fit of experimental 
2 data. The interesting feature of proposed model is that it does not require any intra-diffusion 
3 coefficient data.
4
5 2. Theory 
6 The mutual diffusion coefficient in a liquid solution can usually be written according to the 
7 following equation [15]:
𝐷 = 𝐷0(∂𝑙𝑛𝑎1∂𝑙𝑛𝑥1) (3)
8 In the above equation,  represents a mobility term and for a single spherical solute 𝐷0
9 molecule in a viscous continuum can be calculated from the Stokes-Einstein equation [15]. 
10 Mostly, equation (3) is incorrect for highly, non-ideal, concentrated solutions or solutions 
11 near their consolute point, and this is attributed to the observation that in such solutions, 
12 diffusion occurs through movement of clusters molecules alongside of single molecules [15].
13 The cluster diffusion approach can therefore be applied to study diffusion near consolute 
14 point. In this region, concentration fluctuations become large [21]. In addition, near the 
15 consolute point, the mutual diffusion coefficient approaches zero [22]. As previously 
16 mentioned, in cluster diffusion, if fluctuations of velocity and concentration couple together, 
17 the diffusion coefficient can be expressed as a time-integrated velocity and concentration 
18 correlation functions according to [23]:
𝐷 = 〈𝐺(𝑟) ∗ 𝐹(𝑟)〉〈𝐺(𝑟)〉 (4)
19 Where, F(r) is the time-integrated velocity and G(r) is the concentration function. In equation 
20 (4) G(r) and F(r) are assumed to be independent of each other.
51 Ferrell [24] obtained the time-integrated velocity correlation function according to the 
2 following form:
𝐹𝑖𝑗(𝑟) = 𝐾𝑇8𝜋𝜂(𝛿𝑖𝑗𝑟 + 𝑟𝑖𝑟𝑗𝑟3 ) (5)
3 In the above equation, T,  and  are the temperature, coefficient of viscosity and Kronecker 𝜂 𝛿𝑖𝑗
4 delta function, respectively. The trace of equation (5) is: 
𝐹(𝑟) = 𝐾𝑇2𝜋𝜂1𝑟 (6)
5 This equation describes random thermal movement of molecules (i.e., movement of 
6 molecules because of their temperature). 
7 Stanley [25] defined the d-dimensional Fourier transform of the concentration function 
8 according to:
.( ) ( ) iq rG r S q e dq  (7)
9 where S(q) is the structure function shown in the equation below [25]:
1
𝑛𝑆(𝑞) = 1 + 𝑛𝛤(𝑞) = 11 ‒ 𝑛𝐶(𝑞) (8)
10 In the above equation,  is Fourier transform of C(r), which is called direct correlation 𝐶(𝑞)
11 function. Besides,  is the Fourier transform of , where  is a dimensionless 𝛤(𝑞)  𝛤(𝑟) 𝛤(𝑟)
12 parameter, which describes the effect of correlation between different particles in the 
13 concentration function. The Taylor expansion of  is shown in equation (9):𝐶(𝑞)
  𝐶(𝑞) = 𝐶(0) + ∑∞𝑖 = 0𝐶𝑖(𝑛,𝑇)𝑞𝑖 (9)
                                  
14 Hence, by combining equations (8) and (9), the following equation can be obtained:
6𝑛
𝑆(𝑞) = 1 ‒ 𝑛𝐶(𝑞) = 1 ‒ 𝑛{𝐶(0) + 𝐶2(𝑛,𝑇)𝑞2 + 𝛩(𝑞4)}
Defining:
(10)
𝑅2 =‒ 𝑛𝐶2(𝑛,𝑇) (11)
1 and omitting all the terms of four order of q and higher, Stanley obtained the concentration 
2 function at consolute temperature for liquid systems [25]:
𝐺(𝑟) = 𝑅2𝑟 exp ( ‒ 𝑟𝜉) (12)
3 In the above equation , which is the characteristic size for the concentration 𝜉≅𝑘 ‒ 1
4 fluctuation [15]. R2 is a length on order of molecular size and k is called inverse correlation 
5 length. 
6 Equation (12) was obtained by omitting some parameters of high order. Since the term of Θ(
7  is omitted in equation (10), we modified the concentration function in equation (12) with 𝑞4)
8 the following equation:
𝐺(𝑟) = 𝑅2
𝑟𝑛
exp ( ‒ 𝑟𝜉) (13)
9 In the above equation, n is an adjustable parameter, which accounts for the omitted terms in 
10 equation 10. Hence, by combining equations (4), (6) and (13), the modified diffusion 
11 coefficient can be obtained according to:
𝐷 = 4𝜋∫
∞0 𝑎𝑟𝑛exp ( ‒ 𝑟𝜉) ∗ 𝐾𝑇2𝜋𝜂1𝑟𝑟2𝑑𝑟
4𝜋∫∞0 𝑎𝑟𝑛exp ( ‒ 𝑟𝜉) ∗ 𝑟2𝑑𝑟 = 𝐾𝑇2𝜋𝜂𝜉(2 ‒ 𝑛) (14)
71 Equation (14) can be identified as a modified cluster diffusion coefficient, where  𝜉(2 ‒ 𝑛)
2 and K are the corrected length and Boltzmann constant, respectively. In the Stokes-Einstein 
3 equation  displaces  , which originates from the velocity correlation for spherical solute 6𝜋  2𝜋
4 molecules. The main difference between the Stokes-Einstein equation:
𝐷 = 𝐾𝑇6𝜋𝜂𝑟 (15)
5 and the modified diffusion coefficient equation, equation (14), is in terms of the characteristic 
6 size, which is in a modified form,  , substituted instead of the radius r. 𝜉
7 In order to use equation (14),  must be estimated. The relation between  and chemical 𝜉 𝜉
8 potential is given as follows [26]. It should be mentioned that near the consolute point the 
9 common models for the chemical potential are not accurate. 
1
𝑘𝑇
∂𝜇1
∂𝑥1 = 1𝑥1 ‒ 𝑚𝑥2(𝑔11 + 𝑔22 ‒ 2𝑔12)1 + 𝑚𝑥1𝑥2(𝑔11 + 𝑔22 ‒ 2𝑔12) (16)
𝑔𝑖𝑗 = 4𝜋∫∞0 𝐺𝑖𝑗𝑟2𝑑𝑟 (17)
10 where, m is the number of molecules per unit volume and  is the radial concentration 𝐺𝑖𝑗
11 distribution function, which has the Ornstein-Zernike form [25]. By combining equations 
12 (13) and (17), gij can be obtained as:
𝑔𝑖𝑗 = 4𝜋∫∞0 𝑎𝑖𝑗𝑟2 ‒ 𝑛exp ( ‒ 𝑟𝜉𝑖𝑗)𝑑𝑟 = 4𝜋𝑎𝑖𝑗𝜉3 ‒ 𝑛𝑖𝑗 𝛤(3 ‒ 𝑛) (18)
13 In the above equation,  is a characteristic of molecular size. To simplify equation (18), we 𝑎𝑖𝑗 
14 assume that:
4𝜋𝑎 𝛤(3 ‒ 𝑛)𝜉3 ‒ 𝑛 ≃
4𝜋𝑎11𝜉3 ‒ 𝑛11 𝛤(3 ‒ 𝑛) + 4𝜋𝑎22𝜉3 ‒ 𝑛22 𝛤(3 ‒ 𝑛) ‒ 8𝜋𝑎12𝜉3 ‒ 𝑛12 𝛤(3 ‒ 𝑛)
  (19)  
15
81 By combining equations (16) and (19),  was found according to:𝜉
𝜉 = ( 14𝜋𝑎𝑚𝛤(3 ‒ 𝑛) ∗ 1𝑥1𝑥2(𝑘𝑇𝑥1 ∂𝑥1∂𝜇1 ‒ 1)) 13 ‒ 𝑛 = (𝑌 ∗ 1𝑥1𝑥2(𝑘𝑇𝑥1 ∂𝑥1∂𝜇1 ‒ 1)) 13 ‒ 𝑛 (20)
with
𝑌 = 14𝜋𝑎𝑚𝛤(3 ‒ 𝑛) (21)
2 The correlation length that is predicted by equation (20) has no physical meaning in an ideal 
3 solution, because it predicts a correlation length of zero. However, the correlation length 
4 cannot be smaller than the average diameter of the molecules and in an ideal solution is 
5 assumed to be , where  has generally a specific value for each individual system. 𝜉 = 𝛽𝑟0  𝛽
6 Therefore, equation (20) was modified empirically and the diffusion coefficient can be 
7 written as:
𝐷 = 𝐾𝑇2𝜋𝜂(2 ‒ 𝑛)𝛽𝑟0( 11 + 𝑌1 ∗ 1𝑥1𝑥2(𝑘𝑇𝑥1 ∂𝑥1∂𝜇1 ‒ 1))
13 ‒ 𝑛 (22)
8 where  is the radius of the solute molecules. In this way, the correlation length inevitably 𝑟0
9 reduces to the Stokes-Einstein equation for dilute solutions, without affecting the results near 
10 the critical point. Indeed, the second term in equation (22), , is the ( 11 + 𝑌1 ∗ 1𝑥1𝑥2(𝑘𝑇𝑥1 ∂𝑥1∂𝜇1 ‒ 1)) 13 ‒ 𝑛
11 correction factor. 
12 For a non-ideal solution, the chemical potential is defined as:
𝜇1 = 𝑘𝑇ln(𝛾1𝑥1) + 𝜇01 (23)
13 For calculation of diffusion coefficients, a model for activity coefficients ( ) is needed. i
14 Combining equations (22) and (23) gives us:
9𝐷 = 𝐾𝑇2𝜋𝜂(2 ‒ 𝑛)𝛽𝑟0( 11 + 𝑌1 ∗ 1𝑥1𝑥2( 11 + 𝑑ln𝛾1𝑑ln𝑥1 ‒ 1)
) 13 ‒ 𝑛 (24)
1 There are three adjustable parameters in equation (24) ( , n, ). These three parameters 𝛽 𝑌1
2 were determined by optimization.
3 The correction factor in equation (24) was calculated from vapor-liquid equilibrium (VLE) 
4 data. For the calculation of activity coefficients, equation (25) was used and P, x, y data were 
5 collected from the literature for each binary system [27]. 
𝛾𝑖 = 𝑦𝑖𝑃𝑥𝑖𝑝𝑠𝑎𝑡𝑖 (25)
6 In equation (23), for the calculation of , a fourth order Runge-Kutta algorithm with step  𝑑ln𝛾1𝑑ln𝑥1
7 of 0.005 was used. Vapor mole fraction could be calculated from the following equation:
𝑑𝑦𝑖 = 𝑦𝑖(1 ‒ 𝑦𝑖)(𝑦𝑖 ‒ 𝑥𝑖)𝑃𝑑𝑃 (26)
8 Activity coefficients were determined as a function of composition. In this regard, VLE data 
9 were fitted using second to six degree polynomials and if the results were not satisfactory, 
10 equation (27) would be used to describe the total vapor pressure:
𝑃 = 𝑃𝑠𝑎𝑡𝑗 + {[𝐴 + 𝐵𝑥𝑖][1 ‒ exp (𝐶𝑥𝑖)]} (27)
11 In the above equation, A, B and C are adjustable parameters.
12  It should be noted that equilibrium data (x, y and P) and diffusion coefficients were reported 
13 at two slightly different temperatures in the literature, thus the calculation of  by 
𝑑ln𝛾1
𝑑ln𝑥1
14 extrapolation was affected by error. If both VLE experimental data and diffusion coefficient 
15 are exactly at same temperature, the accuracy of the calculations can be improved. The 
10
1 viscosity data, which is used in the present contribution, are collected from available open 
2 literature data [2, 28-32]
3 To show the capability of the proposed model, this is compared with the results of Cussler 
4 [15]:
𝐷 = 𝐷0[ 11 + 𝐾𝑐𝑥1𝑥2[𝑘𝑇𝑥1 ∂𝑥1∂𝜇1 ‒ 1]]12 (28)
5 2.1. Parameter Evaluation
6 The parameters ( , n, ) in equation (24) are optimized to the experimental mutual diffusion 𝛽 𝑌1
7 data with an objective function defined in equation (29). The absolute relative error (ARD) 
8 was minimized in order to have the best fit of experimental data. In this regard, simplex 
9 search method [33] was applied as an appropriate non-linear regression strategy. All the 
10 collected experimental diffusivity data were in the temperature range of 20-25 ºC.
𝐴𝑅𝐷% = 100𝑁𝐷𝑃𝑁𝐷𝑃∑𝑖 = 1|𝐷𝑒𝑥𝑝. ‒ 𝐷𝑐𝑎𝑙.𝐷𝑒𝑥𝑝. | (29)
11 3. Results and discussion
12 Experimental mutual diffusion coefficient data for alcohol-carbon tetrachloride at 20  were ˚𝐶
13 collected from the work of Sanchez and Clifton [4] and those of methanol-benzene and 
14 alcohol-carbon disulfide for temperature range of 20  to 80  were collected from the work ˚𝐶 ˚𝐶
15 of McKeigue and Gulari [5]. In addition, experimental equilibrium data of alcohol-carbon 
16 tetrachloride at two temperature of 35  and those of alcohol-carbon disulfide at 30  were ˚𝐶 ˚𝐶
11
1 reported in the works of Paraskevopoulos and Missen [30] and McKeigue and Gulari [32], 
2 respectively. 
3 The three adjustable parameters in equation (24) were obtained for seven different systems. 
4 The local and global parameters are tabulated in Table 1. Furthermore, a comparison between 
5 this model and that of Cussler was also carried out. Accordingly, the Cussler model includes 
6 a Kc parameter, which is a fitting parameter that varies with different binary systems.
7 Table 1: The best-fit parameters of the proposed model and Cussler model
New Model Cussler Model
System Y1 n 𝜷 Kc
1-Butanol +Carbon tetrachloride 7.853 0.789 0.182 0.003
1-Propanol+carbon tetrachloride 3.658 -0.141 0.196 -0.002
Ethanol + Carbon tetrachloride 12.725 -0.444 0.155 0.003
Methanol + Carbon tetrachloride 1.790 0.801 0.294 0.016
1-Butanol + Carbon disulfide 24.89 0.762 0.117 0.017
1-Pentanol + Carbon disulfide 53.875 0.744 0.109 0.028
Methanol +Benzene 11.009 1.014 0.127 0.01
Global 2.245 0.515 0.286 -
8
9 It is interesting to note that the optimized n global value yield an exponential of the 
10 thermodynamic correction factor, 1/(3-n) of approximately 0.402, which is close to the 0.5 
11 value given by Cussler for the power of the correction factor.
12 The theoretical model was applied to seven different systems and the results explain well the 
13 mutual diffusion profiles. It has to be pointed out that because this model is based on cluster 
14 theory, in most cases it predicts experimental data at high concentration better than those at 
15 low concentrations. Such observation is in line with the theoretical basis of the model (i.e., 
16 cluster theory), which is applied in the high concentration range. 
17 We now assess the use of the model in equation (24) to evaluate diffusion coefficient data 
18 using the global parameters; the obtained results are compared with those obtained with local 
19 parameters in Figures 1-3 and Table 2. The main aim is to verify whether we can obtain 
12
1 reasonable predictions using a cluster theory model with parameters that are independent of 
2 the system, hence can be of more general validity and can potentially be applied to predict 
3 data for systems in which experimental values of mutual diffusion are not available. This is a 
4 main difference with the Cussler model, which requires a single parameter that, however, 
5 varies with the binary system. 
6
7
8 Fig 1. Diffusion coefficients for ethanol + carbon tetrachloride system with both local and global parameters.
13
1
2 Fig 2.  Diffusion coefficients for methanol + carbon tetrachloride with both local and global parameters.
3
4
5 Fig 3.  Diffusion coefficients for methanol + benzene with both local and global parameters.
14
1 The ARD % results for local and global parameters are presented in Table 2. The focus is in 
2 assessing how the model performs when global parameters are used. It can be seen that in 
3 most cases our model with global parameters gives lower errors in predictions compared to 
4 Cussler. A very high error is observed for the 1-Pentanol+Carbon disulfide system, for which 
5 our model does not perform well and the error is higher than. However, the measured ARD % 
6 for this system is significantly higher compared to the other systems also when using the 
7 Cussler model, which could be due to other reasons such as inaccuracy of thermodynamic 
8 data and use of diffusion and thermodynamic data at slightly different temperatures, as 
9 previously mentioned. However, in general, it can be seen that the overall ARD % of our 
10 model with global parameters is improved.
11
12 Table 2 Comparison of error (ARD) of new model with those of Cussler.
13 a
14
15 Furthermore, to show the prediction capability of the model, mutual diffusion coefficient 
16 were predicted by using local and global parameters. The results are presented in figures 4 
17 and 5. The results show that calculated mutual diffusion coefficients are in good agreement 
ARD%
This work (Local 
Parameters)
This work
(Global 
Parameters)
Cussler
Model
P-x-y experimental 
data
1-Butanol +Carbon 
tetrachloride
4.2 6.29 29.05 5.06
1-Propanol+carbon 
tetrachloride
6.46 13.02 25.30 7.20 
Ethanol + Carbon 
tetrachloride
9.39 12.53 21.80 8.46
Methanol + Carbon 
tetrachloride
5.97 10.79 19.54 5.90
1-Butanol + Carbon 
disulfide
10.85 24.28 23.03 9.26
1-Pentanol + Carbon 
disulfide
15.5 52.76 22.97 8.20
Methanol +Benzene 8.05 13.38 24.83 4.36
Overall 8.63 17.08 23.78 -
15
1 with the experimental ones and that in most cases the use of the model with the optimized 
2 global parameters gives reasonably good results. This show that the model can be of a more 
3 general validity. 
4  
5 Fig 4.  Prediction of diffusion coefficient using local parameters
16
1
2 Fig 5.  Prediction of diffusion coefficient using local parameters
3
4 4. Conclusion
5 In the present contribution, a model based on cluster theory of Cussler with the modifications 
6 of the concentration correlation function was proposed for the description of mutual diffusion 
7 coefficients in non-ideal, concentrated binary mixtures. Local and global parameters of the 
8 model were evaluated by optimization. The aim was to see if a cluster theory model with 
9 global parameters can be used to model and predict mutual diffusion data.  Generally, the 
10 model describes well the mutual diffusion data reported in the literature. The model does not 
11 need any knowledge on intra-diffusion coefficients and can be used to estimate mutual 
12 diffusion coefficients as a function of composition when such data are not available.
13
17
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